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Abstract
It is shown how to derive master symmetries for nonlinear lattice equations systematically using
the basic principles but without using either their zero curvature equations or the bi-Hamiltonian
structure. This has been illustrated for Volterra equation, two coupled Belov–Chaltikian (BC), and
three coupled Blaszak–Marciniak (BM) lattice equations. The existence of a sequence of master
symmetries is one of the characteristics of completely integrable nonlinear partial differential and
differential–difference equations admitting Hamiltonian structure.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
The study of discrete nonlinear systems governed by both ordinary and partial
differential–difference (including lattice equations) and pure difference equations has
drawn much attention in recent years particularly from the point of view of complete
integrability. It is well known that the completely integrable nonlinear partial differential
equations admitting solitons have a variety of rich mathematical structures such as Lax
representation [1], certain specific singularity structure in the complex manifold of the
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or higher-order symmetries [4,5], conservation laws, master symmetries [6], etc. [7]. In
recent years, much efforts have been spent by different groups to investigate whether the
completely integrable nonlinear partial differential–difference (including lattice equations)
and pure difference equations possess similar mathematical structures. As a result, consid-
erable number of completely integrable nonlinear partial differential–difference equations
with (1+1) dimensions have been identified which possess similar mathematical structures
such as Lax representation, discrete Painlevé property or singularity confinement, bi-
Hamiltonian structure, sequence of commutable generalised symmetries, conserved
densities, etc. [8–16].
An interesting class of symmetries for nonlinear partial differential equations (PDEs)
is master symmetries which involves both dependent and independent variables and are
related with generalised symmetries [6]. A master symmetry (of degree n) for a nonlinear
PDE, is a derivation in the Lie algebra of vector fields having the property that n fold
applications leaves the commutator of the flow under consideration invariant. When a
PDE admits a master symmetry it usually admits an infinite sequence of such symmetries
where the successive elements involve independent variables, dependent variables as
well as spatial derivatives of the dependent variables. The master symmetries, using the
basic principles, were first derived for the Benjamin–Ono equation (which is a singular
integro–differential equation) by Fuchssteiner and Fokas [17]. Later on the theory of
master symmetries for PDEs with (1 + 1) dimensions has been developed by Oevel and
Fuchssteiner [18]. It is known that several soliton equations with (1+1) dimension possess
master symmetries [4,19–21]. However, a clear picture has not been emerged for (2 + 1)
soliton equations. Master symmetries were also derived for finite dimensional integrable
systems [22]. We wish to mention that the master symmetries can also be derived for
nonlinear partial differential equations exploiting their Lax representation. An interesting
feature of master symmetries for nonlinear partial differential equations is that it constitute
a centreless Virasoro algebra. Recently, an attempt is made by Fuchssteiner and Ma [23] to
derive master symmetries for nonlinear partial differential–difference equations including
lattice ones using their zero curvature equations. Using a different approach, namely, the
bi-Hamiltonian structure, Oevel et al. [24] have derived the master symmetries for certain
nonlinear lattice equations (see also [25,26]).
In this paper, we consider the Volterra equation which is a scalar equation, two coupled
BC, and three coupled BM lattice equations, respectively, governed by
unt = un(un+1 − un−1), (1)
unt = un(un+1 − un−1)+ vn−1 − vn, vnt = vn(un+2 − un−1), (2)
unt =wn+1 −wn−1, vnt = un−1wn−1 − unwn, wnt =wn(vn − vn+1), (3)
where unt = dun/dt , vnt = dvn/dt , wnt = dwn/dt , un = u(n, t), vn = v(n, t), wn =
w(n, t), t is a continuous variable and n is a discrete variable and show how to derive
master symmetries using the basic principles but without using either their zero curvature
equations or bi-Hamiltonian structure.
The plan of the paper is as follows: In Section 2, we recall certain basic definitions and
notations required for further discussion. We then consider the Volterra, BC, and BM lattice
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but without using either their zero curvature equations or bi-Hamiltonian structure. In
Section 3, we give brief details of our results.
2. Master symmetries
2.1. Preliminaries
We wish to recall the following notations and definitions required for further discussion.
Consider a first-order partial differential–difference or lattice equation for a scalar function
un = u(n, t) having the form
unt = Fn = F(. . . , n, t, un−1, un,un+1, . . .), (4)
where unt = ∂un/∂t, n ∈ Z, t ∈ R, F is a given function, and un is a point in a space S.
Let E and E−1 be the shift operators defined by
Eun = un+1, E−1un = un−1. (5)
Let ∆ and ∆+ be the difference operators defined by
∆un = (E − 1)un, ∆+un = (E−1 − 1)un. (6)
We then define the linear operator (∆−∆+)−1 by
(∆−∆+)−1un = 12
[ −1∑
k=−∞
un+1+2k −
∞∑
k=1
un−1+2k
]
.
Note that (∆−∆+)−1((∆−∆+)−1)−1 = ((∆−∆+)−1)−1(∆−∆+)−1 = 1.
Definition. A function τ = τ (t, n, . . . ,E−1un,un,Eun, . . .) is a master symmetry of
Eq. (4) if[·, [τ, ·]]= 0 and [τ, ·] 
= 0, (7)
where the commutator relation [· , ·] is defined as
[f,g] = g′[f ] − f ′[g]. (8)
Here the Frechet derivative of f is defined as
f ′(un)[vn] = ∂
∂
f (un + vn)
∣∣∣∣
=0
. (9)
In other words, master symmetries maps symmetries onto symmetries via the commutator.
For clarity of presentation of results, we consider Eqs. (1)–(3) separately.
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Here the unknown function Fn in Eq. (4) takes
Fn = un(E −E−1)un. (10)
Considering Eq. (10), Fuchssteiner and Ma [23] have shown how to derive master
symmetries using its zero curvature equation. We show below how to derive a sequence
of master symmetries for Eq. (10) using the basic principles. Given a nonlinear lattice
equation, it is not clear what form one has to choose to derive the nontrivial master
symmetry τ of it. Let us assume that the first nontrivial master symmetry τ1 is of the
form
τ1 = gn = gn(t, n,E−1un,un,Eun).
The commutator relation [τ1,Fn] can be written as
[τ1,Fn] = F ′n[τ1] − τ ′1[Fn]
= gn(E −E−1)un + un(E −E−1)gn
−
(
∂gn
∂un−1
E−1 + ∂gn
∂un
+ ∂gn
∂un+1
E
)
Fn. (11)
Since [τ1,Fn] 
= 0, Eq. (11) can be rewritten as
[τ1,Fn] = f (1)n = f (1)n (t, n,E−2un,E−1un,un,Eun,E2un). (12)
Next, the definition of master symmetry demands that[
Fn, [τ1,Fn]
]= [Fn,f (1)n ]= 0 (13)
satisfying Eq. (12) which is usually referred to as the invariant equation. Expanding
Eq. (13) we get(
∂f
(1)
n
∂un−2
E−2 + ∂f
(1)
n
∂un−1
E−1 + ∂f
(1)
n
∂un
+ ∂f
(1)
n
∂un+1
E + ∂f
(1)
n
∂un+2
E2
)
Fn
= f (1)n (E −E−1)un + un(E −E−1)f (1)n , (14)
which determines the explicit form of f (1)n and so the first nontrivial master symmetry
τ1 (= gn). A detailed calculation shows that f (1)n is independent of n and t . Also we find
the following equations satisfy identically:
∂2f (1)n
∂2un+2
= 0, ∂
2f (1)n
∂2un−2
= 0, ∂
2f (1)n
∂un+2∂un−1
= 0, ∂
2f (1)n
∂un−2∂un+1
= 0.
Solving the above equations, we find
f (1)n = αn(un,Eun)E2un + βn(E−1un,un)E−2un + γn(E−1un,un,Eun), (15)
where αn, βn and γn are unknown functions to be determined. We then substitute Eq. (15)
in the invariant Eq. (14) and find after a straightforward calculation that αn is linear in Eun
(= un+1) while βn is linear in E−1un (= un−1) and hence Eq. (15) becomes
f (1)n = αn(un)EunEun + βn(un)E−1unE−1un + γn(E−1un,un,Eun). (16)
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of f (1)n explicitly:
f (1)n = u2n(E −E−1)un + un(E −E−1)u2n + un(EunE −E−1unE−1)un, (17)
which is nothing but the first nontrivial generalised or higher-order symmetry [12,15].
Next, using Eq. (17) in Eq. (12) we write
gn(E −E−1)un + un(E −E−1)gn −
(
∂gn
∂un−1
E−1 + ∂gn
∂un
+ ∂gn
∂un+1
E
)
Fn
= u2n(E −E−1)un + un(E −E−1)u2n + un(EunE −E−1unE−1)un. (18)
To compute the explicit form of the first nontrivial master symmetry τ1 (= gn) satisfying
Eq. (18) we proceed in the following way: Differentiating Eq. (18) twice with respect
to E2un (= un+2) and E−2un (= un−2) separately we find that gn is linear in Eun and
E−1un. In other words,
gn = α˜n(n,un)Eun + β˜n(n,un)E−1un + γ˜n(n,un), (19)
where α˜n, β˜n, and γ˜n are unknown functions to be determined. Substituting Eq. (19) in
Eq. (18) and then equating the coefficients of E2un and E−2un both sides we find that
α˜n and β˜n are linear in un. Then equating coefficients of EunEun (= un+1un+2) and
E−1unE−1un (= un−1un−2) separately gives the following linear difference equations:
α˜n+1 = α˜n + 1, β˜n−1 = β˜n + 1,
and so
α˜n = n+ a, β˜n =−n+ b,
where a and b are arbitrary constants. Therefore, gn given in Eq. (19) takes the form
gn = (n+ a)unEun − (n− b)unE−1un + γ˜n(n,un).
Making use of gn in Eq. (18) and then solving it we find the explicit form of the first
nontrivial master symmetry τ1,
τ1 = nFn + (3− b)unEun + bunE−1un + u2n = nFn +Z(1),
where b is an arbitrary constant and Fn is given in Eq. (10).
It is appropriate to mention here that the fact f (1)n is a generalised symmetry of the
lattice equation (4) including the Volterra equation (1) does not automatically imply that
τ1 is a master symmetry in the sense that it generates an infinite sequence
f (k+1)n =
[
τ1, f
(k)
n
]
of the differential–difference equation (1). However, for any evolution PDE with (1 + 1)
dimensions Fokas [27] has conjectured that the existence of a generalised symmetry
implies the existence of infinitely many generalised symmetries. The above conjecture
was later on shown to be true for a large class of scalar evolution equations in (1 + 1)
dimensions by Sanders and Wang [28].
To find the second nontrivial master symmetry τ2 satisfying the commutator relation
[f (1)n , [τ2, f (1)n ]] = 0, where f (1)n is given in Eq. (17), we assume
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Proceeding as before we find the explicit form of τ2,
τ2 = nf (1)n +Z(2),
where
Z(2) = 1
2
un
[
5
(
Eu2n +EunEun +E−1unE−1un + unEun
)
+ 2u2n + 3
(
unE
−1un +E−1u2n
)]
+ un
(
EunE
−1 −E−1un
)
(1+E)(∆−∆+)−1(1+E−1)un
and f (1)n is given in Eq. (17). In a similar manner one can explicitly derive a sequence of
higher-order master symmetries τk satisfying [τk, f (k−1)n ] 
= 0 and [f (k−1)n , [τk, f (k−1)n ]]
= 0, having the form
τk = nf (k−1)n +Z(k)(. . . ,E−1un,un,Eun, . . .), k  1,
where f (k−1)n are the higher-order generalised symmetries and f (0)n = Fn.
A straightforward calculation shows that the obtained sequence of master symmetries
τk also satisfies the Virasoro algebra relation
[τk, τj ] = (k − j)τk+j , k, j  1.
Hence we derived a sequence of master symmetries for the Volterra equation (1) using the
basic principles and without using either its zero curvature equation or the bi-Hamiltonian
structure.
2.3. BC lattice equation
Next we consider the two coupled BC lattice equation (2) given by[
unt
vnt
]
=
[
F
(1)
n
F
(2)
n
]
=
[
un(E −E−1)un + (E−1 − 1)vn
vn(E
2 −E−1)un
]
. (20)
Let us assume that the first nontrivial master symmetries τ1 = (τ (1)1 , τ (2)1 )T to be of the
form [
τ
(1)
1
τ
(2)
1
]
=
[
gn
hn
]
=
[
gn(t, n,E
−1un,E−1vn, vn,un,Eun)
hn(t, n,E
−1un, vn,un,Eun,E2un)
]
,
and so the commutator relations [τ (1)1 ,F (1)n ] and [τ (2)1 ,F (2)n ], respectively, become[
τ
(1)
1 ,F
(1)
n
]= gn(E −E−1)un + un(E −E−1)gn + (E−1 − 1)hn
−
(
∂gn
∂un−1
E−1 + ∂gn
∂un
+ ∂gn
∂un+1
E
)
F (1)n −
(
∂gn
∂vn−1
+ ∂gn
∂vn
)
F (2)n
(21)
and
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τ
(2)
1 ,F
(2)
n
]= hn(E2 −E−1)un + vn(E2 −E−1)gn
−
(
∂hn
∂un−1
E−1 + ∂hn
∂un
+ ∂hn
∂un+1
E + ∂hn
∂un+2
)
F (1)n −
∂hn
∂vn
F (2)n . (22)
Since the commutator relations [τ (1)1 ,F (1)n ] 
= 0 and [τ (2)1 ,F (2)n ] 
= 0,[
τ
(1)
1 ,F
(1)
n
]= f (1)n (t, n,E−2vn,E−2un,E−1vn,E−1un, vn,un,Eun,Evn,E2un)
(23)
and [
τ
(2)
1 ,F
(2)
n
]= g(1)n (t, n,E−2vn,E−2un,E−1vn,E−1un,
un, vn,Evn,Eun,E
2vn,E
2un,E
3un). (24)
We next demand that [F (1)n , [τ (1)1 ,F (1)n ]] = 0 and [F (2)n , [τ (2)1 ,F (2)n ]] = 0 which gives a
system of two coupled partial differential difference equation involving the unknown
functions f (1)n and g(1)n . Solving them, after a cumbersome calculations, give the explicit
form of f (1)n and g(1)n ,
f (1)n = vn(1+E +E2)un −E−1vn(1+E +E−1)un + un(E −E−2)vn
− u2n(E −E−1)un − un(E −E−1)u2n − un(EunE −E−1unE−1)un, (25)
g(1)n = vn
[
(E +E2 −E−1 −E−2)vn
+ ((E−1 −E2)un +E−1un(E +E−1)− (E +E2)unE)un], (26)
which are the first nontrivial generalised or higher order symmetries of the BC lattice
equation (2) [14].
Making use of Eqs. (25) and (26) in Eqs. (23) and (24) and then expanding we obtain
the following equations:
gn(E −E−1)un + un(E −E−1)gn + (E−1 − 1)hn
−
(
∂gn
∂un−1
E−1 + ∂gn
∂un
+ ∂gn
∂un+1
E
)
F (1)n −
(
∂gn
∂vn−1
+ ∂gn
∂vn
)
F (2)n
= vn(1+E +E2)un −E−1vn(1+E +E−1)un + un(E −E−2)vn
− u2n(E −E−1)un − un(E −E−1)u2n − un(EunE −E−1unE−1)un, (27)
hn(E
2 −E−1)un + vn(E2 −E−1)gn
−
(
∂hn
∂un−1
E−1 + ∂hn
∂un
+ ∂hn
∂un+1
E + ∂hn
∂un+2
)
F (1)n −
∂hn
∂vn
F (2)n
= vn
[
(E +E2 −E−1 −E−2)vn
+ ((E−1 −E2)un +E−1un(E +E−1)− (E +E2)unE)un]. (28)
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and (28) together and obtain the explicit form of the first nontrivial master symmetry
τ1 = (τ (1)1 , τ (2)1 )T ,[
τ
(1)
1
τ
(2)
1
]
= n
[
F
(1)
n
F
(2)
n
]
+
[
Z
(1)
1
Z
(1)
2
]
,
where
Z
(1)
1 = (3− b)(unEun − vn)+ b(unE−1un − vn−1)+ u2n
and
Z
(1)
2 = (4− b)vnE2un + vnEun + bvnE−1un + unvn.
Here F (1)n and F (2)n are given in Eq. (20) and b is an arbitrary constant.
Next, to find the second nontrivial master symmetry τ2 = (τ (1)2 , τ (2)2 )T satisfying the
commutator relations [f (1)n , [τ (1)2 , f (1)n ]] = 0 and [g(1)n , [τ (2)2 , g(1)n ]] = 0, where f (1)n and
g
(1)
n are given in Eqs. (25) and (26), we assume
[
τ
(1)
2
τ
(2)
2
]
=


τ
(1)
2 (t, n,E
−2un,E−2vn,E−1un,E−1vn,
vn,un,Eun,Evn,E
2un)
τ
(2)
2 (t, n,E
−2un,E−2vn,E−1un,E−1vn,
vn,un,Eun,Evn,E
2un,E2vn,E3un)

 .
Proceeding in a similar manner we find the explicit form of τ2 = (τ (1)2 , τ (2)2 )T ,[
τ
(1)
2
τ
(2)
2
]
= n
[
f
(1)
n
g
(1)
n
]
+
[
Z
(2)
1
Z
(2)
2
]
,
where
Z
(2)
1 =
1
2
[
−5(unEu2n + unEunEun + unE−1unE−1un + u2nEun − vnun − vnEun
− vnE2un −E−1vnE−1un − unE−2vn − unEvn
)
− 2u3n − 3
(
u2nE
−1un + unE−1u2n − unE−1vn −E−1vnun
)]
− [∆+vn + un(EunE−1 −E−1un)](1+E)(∆−∆+)−1(1+E−1)un
and
Z
(2)
2 =
1
2
[
−3(vnE−1u2n + vnE−1unE−1un − vnE−2vn)− 7vnEunEun
− 5(vnE2u2n + vnE2unEun − vnEvn − vnE−1vn + unvnE−1un)
+ 9vnE2vn − 2
(
u2nvn + vnEu2n + unvnE2un +EunE−2un
)
+ 4(v2n − unvnEun −E−1unE3un)]
+ 2vn(∆−E−1∆+)(∆−∆+)−1vn.
Here f (1)n and g(1)n are given in Eqs. (25) and (26).
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metries τk = (τ (1)k , τ (2)k )T having the form[
τ
(1)
k
τ
(2)
k
]
= n
[
f
(k−1)
n
g
(k−1)
n
]
+
[
Z
(k)
1 (. . . ,E
−1un,E−1vn,un, vn,Eun,Evn, . . .)
Z
(k)
2 (. . . ,E
−1un,E−1vn,un, vn,Eun,Evn, . . .)
]
,
k  1,
where f (k−1)n , g(k−1)n are the higher-order generalised symmetries and (f (0)n , g(0)n ) =
(F
(1)
n ,F
(2)
n ). Here also the obtained master symmetries generates a Virasoro algebra.
2.4. BM lattice equation
We consider the three coupled BM lattice equation (3):[
unt
vnt
wnt
]
=

F
(1)
n
F
(2)
n
F
(3)
n

=

 (E −E
−1)wn
(E−1 − 1)unwn
−wn(E − 1)vn

 . (29)
Let us assume the first nontrivial master symmetry τ1 = (τ (1)1 , τ (2)1 , τ (3)1 )T to be of the form

τ
(1)
1
τ
(2)
1
τ
(3)
1

=
[
fn
gn
hn
]
=

 fn(t, n,E
−1wn,un, vn,Ewn)
gn(t, n,E
−1wn,E−1un,un,wn, vn)
hn(t, n,wn,un, vn,Evn)

 .
Following the same procedure as outlined for the Volterra equation (1) and BC lattice
equation (2) we obtained the explicit form of the first nontrivial generalised or higher-
order symmetries f (1)n , g(1)n , and h(1)n and the master symmetries τ (1)1 , τ
(2)
1 , and τ
(3)
1 to
be 

f
(1)
n
g
(1)
n
h
(1)
n

=


(E−1 −E)wnvn + vnE−1wn −EwnEvn
(1−E−1)unwnvn + (unwnE −E−1unwnE)vn
+ (E−1wnE−1 −wnE)wn
wn[(E − 1)v2n + (E −E−1)unwn]


and 

τ
(1)
1
τ
(2)
1
τ
(3)
1

= 3n

F
(1)
n
F
(2)
n
F
(3)
n

+


Z
(1)
1
Z
(1)
2
Z
(1)
3

 ,
where
Z
(1)
1 =−
[
(Evn − vnE−1)(∆−∆+)−1un + 2un∆(∆−∆+)−1vn
− un∆(∆−∆+)−1∆+un(∆−∆+)−1un
+ (b− 6)Ewn − (b+ 3)E−1wn
]
,
Z
(1) =−[(b+ 3)E−1unwn + (4− b)unwn + 2v2n −∆+wnE−1(∆−∆+)−1un],2
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(1)
3 =−
[
wn∆(∆−∆+)−1∆+un(∆−∆+)−1un
− 2wn∆(∆−∆+)−1vn + (b+ 2)wnvn + (5− b)wnEvn
]
,
where b is an arbitrary constant and F (1)n , F (2)n , and F (3)n are given in Eq. (29).
Proceeding in a similar manner one can explicitly derive a sequence of higher-order
master symmetries,


τ
(1)
k
τ
(2)
k
τ
(3)
k

= 3n


f
(k−1)
n
g
(k−1)
n
h
(k−1)
n

+


Z
(k)
1 (. . . ,E
−1un,E−1vn,E−1wn,
un, vn,wn,Eun,Evn,Ewn, . . .)
Z
(k)
2 (. . . ,E
−1un,E−1vn,E−1wn,
un, vn,wn,Eun,Evn,Ewn, . . .)
Z
(k)
3 (. . . ,E
−1un,E−1vn,E−1wn,
un, vn,wn,Eun,Evn,Ewn, . . .)


, k  1,
where f (k−1)n , g(k−1)n , and h(k−1)n are the higher-order generalised symmetries and
(f
(0)
n , g
(0)
n , h
(0)
n ) = (F (1)n ,F (2)n ,F (3)n ). We have checked that the BM lattice equation (3)
also possesses a sequence of master symmetries which generates Virasoro algebra.
3. Conclusion
In this article, we have derived a sequence of commutable generalised symmetries for
the Volterra, BC, and BM lattice equations using the basic principles. Also we have derived
a sequence of master symmetries for the above mentioned lattice equations using the
basic principles but without using either their zero curvature equations or bi-Hamiltonian
structure. The derived sequence of master symmetries generate Virasoro algebra in all the
lattice equations (1)–(3). It is not clear whether one can derive a sequence of generalised
and master symmetries for (2+1) nonlinear lattice equations systematically using the basic
principles which is under investigation. It is also expected that the above straightforward
procedure to derive master symmetries is applicable to nonconservative nonlinear lattice
equations which is also under investigation.
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